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Les frères Cosserat

François Cosserat 1852–1914

Eugène Cosserat 1866–1931

MAURIZIO BROCATO, KONSTANTINOS CHATZIS.
Les frères Cosserat : brève introduction à leur vie et à leurs travaux en
mécanique.
Introduction à la réédition de : E. et F. Cosserat, Théorie des corps
déformables, Paris : Hermann, 2009 (1re éd., 1909), iii-xlv.
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Eugène Cosserat
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Original Formulation (E.&F. Cosserat 1898)

θ = divu

∆u + ξ ∇divu = 0
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Outline of Part I: Historical Introduction

1 The Cosserat Eigenvalue Problem

2 Historical Timeframe

3 Related Problems: Some Inequalities
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Part I

Historical Introduction
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1 The Cosserat Eigenvalue Problem
Cosserat 1898
Modern formulations
Original Motivation: Eigenfunction Expansion

2 Historical Timeframe

3 Related Problems: Some Inequalities
Korn Inequality
Friedrichs Inequality
Babuška-Aziz–LBB inequality
Schur Complement for Stokes System, Uzawa
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Equivalent formulations

1 Lamé equations: µ∆u + (λ + µ)∇divu = 0
2 Cosserat: ∆u + ξ ∇divu = 0, ξ = (λ + µ)/µ

3 Spectral problem: σ∆u−∇divu = 0, σ =−1/ξ

4 Variational formulation: σ
∫

∇u : ∇v =
∫

divu divv ∀v

The Cosserat Eigenvalue Problem

Find u ∈ H1
0(Ω), u 6≡ 0, and σ ∈ C such that

σ∆u = ∇divu in Ω⊂ Rd

Easy to see: 0≤ σ ≤ 1. Obvious special values:

σ = 0 : ∇div has an infinite-dimensional kernel containing

H1
0(div0,Ω)⊃ curl(C∞

0 (Ω)d ) (d = 3)

σ = 1 : ∆u−∇div = –curlcurl has an infinite-dimensional kernel containing

H1
0(curl0,Ω)⊃ ∇C∞

0 (Ω)
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Original Motivation: Eigenfunction Expansion

Guiding example: Laplace equation

The problem
u ∈ H1

0 (Ω) : ∆u + κu = f

has the solution

u(x) =
∞

∑
j=1

fj
κ−λj

uj (x)

if f (x) = ∑ fjuj (x) is the expansion of f in eigenfunctions uj of −∆ with
eigenvalues λj .

E.&F. Cosserat derive a similar expansion for a solution of the Lamé
equations with given data u0 on the boundary:

( io9r )

C. R., 1898, 1" Semestre. (T. CXXVI, N°
15 ) 141

mutation circulaire de
x, y, s; on a

(2)

et des formules
analogues pour v, vv, en

remplaçant uo, Ui, par vo, Vt, puis

par w0, Wi. Ces formules mettent en évidence
que u, v, w sont des fonctions

uniformes de admettant les mêmes
points critiques,

savoir le
point

sin-

gulier
essentiel 2 et les

pôles simples kp k2, les résidus du
pôle ki

sont les
fonctions k2iUi, k2i Vi, k2iWi qui jouissent de la

propriétés
de s'annuler

à
la frontiére et

de
vérifier

les
équations (1)

où
l'on fait = ki.

» On
peut

d'ailleurs
exprimer

autrement les résultats
précédents.

G
désignant

la fonction de Green, il
existe, pour

la
sphère,

des fonctions

harmoniques Fi (qui
ne sont autres

que
les

polynomes sphériques)
véri-

fiant
l'équation fonctionnelle

laquelle
entraîne les relations

FiFkdx dy dz = 0(ik);
si l'on

détermine des fonctions Ui, Vi, Wi s'annulant à la frontière et dont les

paramètres
différentiels du second ordre soient

égaux respectivement aux

dérivées
premières de Fi, ces fonctions vérifieront les

équations (1)
où

= ki et donneront lieu aux formules telles
que (2).

» Ces résultats ont une certaine
analogie

avec ceux rencontrés
par

MM. Picard et Poincaré; mais une
particularité

se
présente qui tient

à

l'existence du
point singulier

essentiel — 2. On connaît
l'objection faite

à la démonstration du
principe

de Dirichlet donnée
par Riemann, objec-

tion
qui

n'atteint
pas

le résultat final. Ici elle a
plus de

portée. Si nous

considérons
l'intégrale (1u+1v+1w)dx dy dz,

où les fonc-

tions u, v, w s'annulent à la frontière, satisfont aux conditions de conti-

nuité fondamentales et sont telles
que 2 dx dy dz

=
i, elle a un mi-

nimum i
qu'elle atteint; si l'on

adjoint les conditions
supplémentaire

indiquées plus haut, parmi lesquelles se trouve 2 = o, cette fois, le mi-

nimum n'est
pas

atteint.

» Nous avons cherché à voir dans
quelle

mesure tout ce
qui précède

s'étend au cas
général; l'application

des raisonnements
employés dans ces

derniers
temps par

MM. Picard et Poincaré et
par

M. Le
Roy offre des

difficultés intéressantes
qui

nous ont conduits à
reprendre l'étude des

méthodes, analogues
à celle de Neumann, proposées par

M. Lauricella

et
par

M. Poincaré. »
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Eigenfunction Expansion for a Ball

Lemma

On the ball Ω = BR(0)⊂ Rd , if p is a harmonic polynomial homogeneous
of degree k, the solution of the Dirichlet problem

∆u = p in Ω, u = 0 on ∂ Ω

is given by

u(x) = c (|x |2−R2)p(x) , c =
1

2d + 4k
.
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∆u = p in Ω, u = 0 on ∂ Ω

is given by

u(x) = c (|x |2−R2)p(x) , c =
1

2d + 4k
.

Proof : ∆u = c (∆|x |2p + 2∇|x |2 ·∇p)
= c ( 2d p + 4k p)
= c (2d + 4k)p
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∆ : (|x |2−R2)Ṗk → Ṗk is injective, hence bijective.
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Lemma

Let p be a harmonic polynomial homogeneous of degree k and

v(x) = (|x |2−R2)∇p(x)

Then v satisfies

σk ∆v = ∇divv with σk =
k

d + 2k−2
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Eigenfunction Expansion for a Ball

Lemma

Let p be a harmonic polynomial homogeneous of degree k and

v(x) = (|x |2−R2)∇p(x)

Then v satisfies

σk ∆v = ∇divv with σk =
k

d + 2k−2

Proof : We have seen
∆v = (2d + 4(k−1))∇p

We compute
divv = ∇|x |2 ·∇p + (|x |2−R2)∆p = 2k p

Remark (to be remembered...)

The scalar harmonic function p satisfies

div∆−1
∇p = σk p
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Eigenfunction Expansion for a Ball

Corollary

Let u0 ∈ L2(∂BR(0)) and write Hu0 for its harmonic extension to BR(0).
Define p0 = divHu0 and let

p0(x) = ∑
k≥1

pk (x)

be its expansion in harmonic polynomials (spherical harmonics!).
Let vk = (|x |2−R2)∇pk . Then for σ 6∈ {σk}, the function

u(x) = Hu0(x)− ∑
k≥1

σk

2k(σk −σ)
vk (x) .

solves

σ∆u−∇divu = 0 in BR(0), u = u0 on ∂BR(0)

Observation

For all d : σ1 = 1
d ≤ σk → 1

2 . For d = 2, all σk are equal to 1
2 .
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Eigenfunction Expansion on a Smooth Domain

Theorem (Mikhlin 1973)

Let Ω be a smooth bounded domain.
Then the Cosserat eigenvalue problem has a sequence of eigenfunctions
forming an orthonormal basis of L2(Ω) and also an orthogonal basis of
H1

0(Ω).
The Cosserat eigenvalues satisfy σ ∈ [0,1].
The values σ = 0 and σ = 1 are isolated eigenvalues of infinite multiplicity,
and there is a sequence of eigenvalues converging to σ = 1

2 .
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Time Frame: Milestones

1898-1901 E.&F. Cosserat: 9 papers in CR Acad Sci Paris

1924 L. Lichtenstein: a boundary integral equation method

1967 V. Maz’ya – S. Mikhlin: “On the Cosserat spectrum. . . ”
1973 S. Mikhlin: “The spectrum of an operator pencil. . . ”

1993-1999 A. Kozhevnikov: eigenvalue distribution, History
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Korn Inequality

We denote by e(u) the linearized strain tensor of u

eij (u) = 1
2 (∂iuj + ∂jui ), 1≤ i, j ≤ d ,

We denote by r(u) its antisymmetric counterpart (related to curlu)

rij (u) = 1
2 (∂iuj −∂jui ), 1≤ i, j ≤ d ,

Definition

Let Ω be a domain in Rd . It is said to satisfy the second Korn inequality if
there exists a positive constant K such that for all u ∈ H1(Ω) satisfying the
condition ∫

Ω
rij (u)(x)dx = 0, 1≤ i, j ≤ d

there holds the estimate

‖∇u‖2
L2(Ω)

≤ K‖e(u)‖2
L2(Ω)

If such a K exists we denote by K (Ω) the smallest such K .
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Korn Inequality

Theorem (Korn – Friedrichs – Nečas – Nitsche)

Let Ω⊂ Rd be a bounded Lipschitz domain. Then

K (Ω) < ∞ .

Corollary

If the Lamé constants λ ,µ are positive, then the Neumann problem for the
Lamé equations

µ∆u + (λ + µ)∇divu = f in Ω; normal stress zero on ∂ Ω

has a strongly elliptic variational formulation in H1(Ω). It is well-posed in
any closed subspace of H1(Ω) that does not contain rigid motions.
Consequences : Fredholm alternative, discrete eigenfrequencies in
elastodynamics, convergence of finite element approximations, . . .

The energy quadratic form is

2µ‖e(u)‖2
L2(Ω)

+ λ‖divu‖2
L2(Ω)

≥ 2µ

K (Ω)
‖∇u‖2

L2(Ω)
=

2µ

K (Ω)

(
‖u‖2

H1(Ω)
−‖u‖2

L2(Ω)

)
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Friedrichs Inequality

Let Ω⊂ R2. Consider holomorphic functions w with real part f and
imaginary part g:

w(z) = f (z) + i g(z)

Definition

Let Ω be a domain in R2. It is said to satisfy the Friedrichs inequality if
there exists a positive constant Γ such that for all holomorphic w ∈ L2(Ω)
satisfying the condition ∫

Ω
f (x)dx = 0

there holds the estimate

‖f‖2
L2(Ω)

≤ Γ‖g‖2
L2(Ω)

If such a Γ exists we denote by Γ(Ω) the smallest such Γ.

Theorem (Friedrichs)

The Friedrichs inequality holds for any bounded Lipschitz domain in R2.
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Babuška-Aziz–LBB inequality

Define
L2
◦(Ω) = {u ∈ L2(Ω) |

∫
Ω

u(x)dx = 0}

Definition

Let Ω be a domain in Rd . It is said to satisfy the Babuška-Aziz inequality if
there exists a positive constant β such that for all q ∈ L2

◦(Ω)\{0} there
exists a v ∈ H1

0(Ω)\{0} with

β‖∇v‖L2(Ω)‖q‖L2(Ω) ≤
∫

Ω
(divv)(x)q(x)dx .

We denote by β (Ω) the largest such β :

β (Ω) = inf
q∈L2◦(Ω)

sup
v∈H1

0 (Ω)d

∫
Ω(divv)(x)q(x)dx
‖∇v‖L2(Ω)‖q‖L2(Ω)

β (Ω) is the LBB constant or inf-sup constant of Ω.
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Babuška-Aziz–LBB inequality

Define
L2
◦(Ω) = {u ∈ L2(Ω) |

∫
Ω

u(x)dx = 0}

Alternative Definition

Let Ω be a domain in Rd . It is said to satisfy the Babuška-Aziz inequality if
there exists a positive constant β such that for all q ∈ L2

◦(Ω) there exists a
v ∈ H1

0(Ω) with

divv = q and β‖∇v‖L2(Ω) ≤ ‖q‖L2(Ω)

We denote by β (Ω) the largest such β :

β (Ω)−1 = min{‖B‖ | B : L2
◦(Ω)→ H1

0(Ω) is a right inverse of the div operator}

β (Ω) is the LBB constant or inf-sup constant of Ω.

Theorem (Babuška-Aziz – Payne-Weinberger)

For any bounded Lipschitz domain in Rd there holds 0 < β (Ω) < ∞.
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Babuška-Aziz–LBB inequality

Proof of equivalence : Implications for β > 0:

1⇔ 2⇔ 3⇔ 4⇔ 5⇔ 6⇒ 1

1 inf
q∈L2◦(Ω)

sup
v∈H1

0(Ω)d

∫
Ω(divv)(x)q(x)dx
‖∇v‖L2(Ω)‖q‖L2(Ω)

≥ β

2 ∀q ∈ L2
◦(Ω) : sup

v∈H1
0(Ω)d

∫
Ω(divv)(x)q(x)dx
‖∇v‖L2(Ω)

≥ β‖q‖L2(Ω)

3 ∀q ∈ L2
◦(Ω) : sup

v∈H1
0(Ω)d

〈∇q,v〉
‖∇v‖L2(Ω)

≥ β‖q‖L2(Ω)

4 ∀q ∈ L2
◦(Ω) : ‖∇q‖H−1(Ω) ≥ β‖q‖L2(Ω)

5 ∇ : L2
◦(Ω)→ H−1(Ω) is injective, has closed range, and

∃ left inverse D of norm ≤ 1
β

6 div : H1
0(Ω)→ L2

◦(Ω) is surjective, and
∃ right inverse B = D′ of norm ≤ 1

β

v = Bq & |∇v | ≤ 1
β
|q| ⇒

∫
q divv = |q|2 ≥ β |q||∇v |
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Babuška-Aziz–LBB inequality

Consider the Stokes problem for u ∈ H1
0(Ω), p ∈ L2

◦(Ω):

−ν∆u + ∇p = f in Ω

divu = 0 in Ω

Pressure Stability for Stokes problem

Let ν > 0 and let Ω be such that β (Ω) > 0. Let CP be the constant in the
Poincaré inequality

‖v‖L2(Ω) ≤ CP ‖∇v‖L2(Ω) ∀v ∈ H1
0 (Ω) .

Then for f ∈ L2(Ω) there exists a unique solution (u,p) of the Stokes
problem, and

‖∇u‖L2(Ω) ≤
CP

ν
‖f‖L2(Ω)

‖p‖L2(Ω) ≤
2Cp

β (Ω)
‖f‖L2(Ω)
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Babuška-Aziz–LBB inequality

Pressure Stability for Stokes problem

For f ∈ L2(Ω) there exists a unique solution (u,p) of the Stokes problem,
and

‖∇u‖L2(Ω) ≤
CP

ν
‖f‖L2(Ω)

‖p‖L2(Ω) ≤
2Cp

β (Ω)
‖f‖L2(Ω)

Proof of the estimates : Write |u| for the L2(Ω)-norm of u and |u|1 = |∇u|
for its H1(Ω)-seminorm. Variational form of Stokes:

∀v ∈ H1
0(Ω) : ν

∫
Ω

∇u : ∇v−
∫

Ω
p divv =

∫
Ω

f ·v

Taking v = u, one gets

ν |u|21 =
∫

Ω
f ·u ≤ |f||u| ≤ |f|CP |u|1

and there exists v such that

β (Ω)|p||v |1 ≤
∫

Ω
p divv =

∫
Ω

f ·v−ν

∫
Ω

∇u : ∇v ≤ |f||v |+ ν |u|1|v |1 ≤ 2CP |f||v |1 .

Martin Costabel (Rennes) Cosserat eigenvalue problem JacaIIISC, 19–21/09/2012 26 / 110



Schur Complement for Stokes System, Uzawa

The Uzawa algorithm for solving the Stokes problem is the iteration

−ν∆un+1 = f−∇pn

pn+1 = pn−ρnν divun+1

Here ρn > 0 are suitably chosen relaxation parameters.

Definition

The Schur complement operator S for the Stokes system is

S = div∆−1
∇ : L2

◦
∇→ H−1 ∆−1

→ H1
0

div→ L2
◦
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Definition

The Schur complement operator S for the Stokes system is

S = div∆−1
∇ : L2

◦
∇→ H−1 ∆−1

→ H1
0

div→ L2
◦

This means that S q = divw , where w ∈ H1
0 is the solution of the Dirichlet

problem ∆w = ∇q , or in variational form

∀v ∈ H1
0(Ω) :

∫
Ω

∇w : ∇v =
∫

Ω
q divv .
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Schur Complement for Stokes System, Uzawa

The Uzawa algorithm for solving the Stokes problem is the iteration

−ν∆un+1 = f−∇pn

pn+1 = pn−ρnν divun+1

Here ρn > 0 are suitably chosen relaxation parameters.

Definition

The Schur complement operator S for the Stokes system is

S = div∆−1
∇ : L2

◦
∇→ H−1 ∆−1

→ H1
0

div→ L2
◦

From Stokes and Uzawa one gets

0 = ν divu = div∆−1(∇p− f) = S p−div∆−1f

pn+1 = pn−ρn(S pn−div∆−1f) = pn− tρnS (pn−p)

=⇒ p−pn+1 =
(
I−ρnS

)
(p−pn)
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Schur Complement for Stokes System, Uzawa
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Definition

The Schur complement operator S for the Stokes system is

S = div∆−1
∇ : L2

◦
∇→ H−1 ∆−1

→ H1
0

div→ L2
◦

p−pn+1 =
(
I−ρnS

)
(p−pn)

I−ρnS is the error reduction operator of the Uzawa algorithm

|p−pn+1| ≤ max
σ∈Sp(S ))

|1−ρnσ | |p−pn|
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Schur Complement for Stokes System, Uzawa

The Uzawa algorithm for solving the Stokes problem is the iteration

−ν∆un+1 = f−∇pn

pn+1 = pn−ρnν divun+1

Here ρn > 0 are suitably chosen relaxation parameters.

Definition

The Schur complement operator S for the Stokes system is

S = div∆−1
∇ : L2

◦
∇→ H−1 ∆−1

→ H1
0

div→ L2
◦

Conclusion

Error analysis of the Uzawa algorithm
⇐⇒

Analysis of the spectrum Sp(S ) of the Schur complement
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Part II

Cosserat Spectrum and Related
Problems
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4 Lichtenstein’s integral equation

5 Cosserat, LBB condition, Schur complement
Cosserat and Schur complement
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Lichtenstein’s integral equation [MZ 20, 1924]

Let u satisfy the Lamé equations in the Cosserats notation

∆u + ξ ∇divu = 0 in Ω, u = u0 on ∂ Ω

Observation : If ξ 6=−1 then θ = divu satisfies ∆θ = 0.

θ(x) = Hθ0(x) =
∫

∂ Ω
∂n(y)G(x ,y)θ0(y)ds(y) (x ∈ Ω)

where H means harmonic extension, G(x ,y) denotes the Green function
for the Dirichlet problem in Ω, and θ0 = γθ = θ

∣∣
∂ Ω

.
Trick : Define w = u + κxθ . ⇒ ∆w = ∆u + 2κ∇θ = 0 if κ = ξ/2.

w(x) = H(u0 +κxθ0)(x) = Hu0(x)+
∫

∂ Ω
∂n(y)G(x ,y)κyθ0(y)ds(y) (x ∈Ω)

Also divw = divu + κdθ + κx ·∇θ

= (1 + dκ)θ + κ
∫

∂ Ω x ·∇x ∂n(y)G(x ,y)θ0(y)ds(y).
On the other hand

divw = divHu0 + κ
∫

∂ Ω y ·∇x ∂n(y)G(x ,y)θ0(y)ds(y)
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Lichtenstein’s integral equation [MZ 20, 1924]

(1 + dκ)θ(x) + κ

∫
∂ Ω

L(x ,y)θ0(y)ds(y) = divHu0(x) (x ∈ Ω)

with the kernel
L(x ,y) = (x−y) ·∇x ∂n(y)G(x ,y)

Singularity: L(x ,y)∼ (1−d)∂n(y)G(x ,y).
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with the kernel
L(x ,y) = (x−y) ·∇x ∂n(y)G(x ,y)

Singularity: L(x ,y)∼ (1−d)∂n(y)G(x ,y).
Trace on the boundary:

lim
x→x0∈∂ Ω

∫
∂ Ω

L(x ,y)θ0(y)ds(y) = (1−d)θ0(x) +
∫

∂ Ω
L(x0,y)θ0(y)ds(y)

and L(x ,y) is weakly singular, O(|x−y |2−d ) for x ,y ∈ ∂ Ω.
This gives for x ∈ ∂ Ω

(1 + κ)θ0(x) + κ

∫
∂ Ω

L(x ,y)θ0(y)ds(y) = divHu0(x) (x ∈ ∂ Ω)
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Lichtenstein’s integral equation [MZ 20, 1924]
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∫
∂ Ω

L(x ,y)θ0(y)ds(y) = divHu0(x) (x ∈ Ω)

with the kernel
L(x ,y) = (x−y) ·∇x ∂n(y)G(x ,y)

Singularity: L(x ,y)∼ (1−d)∂n(y)G(x ,y).

Lichtenstein’s second kind integral equation

1 + κ

κ
θ(x) +

∫
∂ Ω

L(x ,y)θ(y)ds(y) =
1
κ

divHu0(x) (x ∈ ∂ Ω)

Note :
1 + κ

κ
=

2 + ξ

ξ
= 1−2σ =

λ + 3µ

λ + µ
,

1
1 + κ

=
2µ

λ + 3µ

From Lichtenstein’s original :

26 L. Liehtenstein. 

(19) 

oder 

(20) 

Aus (12), (16), (17), (18) folgt jetzt 

- ~ d ~  
0(8)  

= - ~ T  o.   9 ( ~ ) +  ~ (~ ; .  + ~, )  t -  
8 

2u ;~ + ~, ['_ ~ G o(~)--- ~ A  (~)~ O(o) do. 

a~G 
Der Kern ~ wird fiir 8--~a wie 1 unendlieh. Die Integral: 

gleiehung (20) ist also der Fredholmsehen Theorie zug~nglich. 

Es mSge die nichthomogene Integralgleichung fiir alle A(o) 15sbar 

sein. Wie sich bald zeigen wird, ist dies t~ts~iehlieh immer der Fall. 

Sei 0 (0 )  die LSsung von (20) und es mSge O ( x , y , z )  die durch die 

Gleiehung (12) erkl~irte Funktion bezeichnen. Augenscheinlich ist O (x, y, z) 

in T- I -S  stetig und auf S gleich 0(0) .  Wir beweisen, dab O(x ,  y, z) 

eine in T regulSxe Potentialfunktion ist. 

Da A A = 0 ist, so geniigt es offenbar zu zeigen, dab 

(21) M(x ,  y, z) = f ~  
~ a  

b)( ~do 

8 

in T die Laplaeesche Differentialgleiehung erfiillt. Es sei voriibergehend 

~ ( x ,  y, z) diejenige in T +  S stetige, in T reguliire Potentialfunktion, 

die auf S gleioh 0(o)  ist. Es ist dann 

(22) x~(x,  y, ~ ) = ~  J G(x,  y, z; o )xO(o)do .  
,.q 

Anderserseits ist wegen zI (x ~ ) =  2 ~ - ,  wie man leieht sieht, 

x ~ ( x , y , z )  2~1 G ( x , y , z ; x , , y , , z  )~x, dx ,dy ,dz ,  

(28) 
1 

P ~  
J a(x, o1 o(o)do .o) 
,.q 

und darum 

1 ; O ( x ,  y, z, x', y', z')~z, d x ' d y ' d z '  ( 2 4 )  ~- .  
T 

= ~f(~ - x) ~a a ( x , y , z ; o ) O ( o ) d o  
8 

10) Wie man durch teilweise Integration leieht verifiziert, hat das erste Integral 

reehterhand eine bestimmte Bedeutung, obwohl ~ -  auf S nieht zu existiervn braucht. 

(Vgl. die FuBnote n). 

λ + 3µ ←→ 5λ + 7µ : a little sign error in a jump relation. . .
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Cosserat and Schur complement

Observation

The Cosserat eigenvalue problem for u ∈ H1
0(Ω)

σ∆u = ∇divu

and the eigenvalue problem of the Schur complement operator S for
p ∈ L2

◦(Ω)
S p = σp

are equivalent .

Recall : S = div∆−1∇

If u is a Cosserat eigenfunction, then p = divu satisfies

σp = σ divu = div∆−1
∇divu = S p .

Note : If divu = 0, then σ∆u = 0, hence u = 0 or σ = 0.
Conversely, if p is an eigenfunction of S , then u = ∆−1∇p satisfies
∆u = ∇p and divu = S p = σp, hence

σ∆u = σ∇p = ∇divu .
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Definition from now on

The Cosserat eigenvalue problem is the study of the spectrum of the
bounded positive selfadjoint operator S = div∆−1∇ in L2

◦(Ω).

Definition

The Cosserat constant of the domain Ω is

σ(Ω) = minSp(S )

This excludes the trivial eigenfunctions at σ = 0 satisfying divu = 0 or
p =const.

Example : For the ball BR(0) we have seen

σ(BR(0)) =
1
d
.
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Why is S selfadjoint?

Define w(p) = ∆−1∇p.
Thus divw(p) = S p, and w = w(p) is the solution of the variational
problem on H1

0(Ω)∫
Ω

∇w : ∇v =−〈∇p,v〉=
∫

Ω
p divv ∀v ∈ H1

0(Ω)

For p,q ∈ L2
◦(Ω):∫

Ω
pS q =

∫
Ω

p divw(q) =
∫

Ω
∇w(p) : ∇w(q)

This is symmetric and positive.
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Ω

∇w : ∇v =−〈∇p,v〉=
∫

Ω
p divv ∀v ∈ H1

0(Ω)

For p,q ∈ L2
◦(Ω):∫

Ω
pS q =

∫
Ω

p divw(q) =
∫

Ω
∇w(p) : ∇w(q)

This is symmetric and positive.

A Lemma (integration by parts in C∞
0 )

For v ,w ∈ H1
0(Ω) there holds∫

Ω
∇v : ∇w =

∫
Ω

divv divw +
∫

Ω
curlv : curlw
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◦(Ω):∫

Ω
pS q =

∫
Ω

p divw(q) =
∫

Ω
∇w(p) : ∇w(q)

This is symmetric and positive.
Also

|S p|2 = |divw(p)|2 ≤ |∇w(p)|2 =
∫

Ω
pS p ≤ |p| |S p|

Thus
‖S ‖ ≤ 1 and Sp(S )⊂ [0,1] .
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The Cosserat Spectrum according to Crouzeix

Theorem (M. Crouzeix 1997)

Define

N = ∆H2
0 (Ω) = {p ∈ L2

◦(Ω) | p = ∆q for some q ∈ H2
0 (Ω)}

Then N is contained in the eigenspace of S for the eigenvalue σ = 1.
Split L2

◦(Ω) into the orthogonal sum

L2
◦(Ω) = N⊕M

If Ω is bounded and of class C3 then S − 1
2 I : M→M is compact, namely

S − 1
2

I : M→ H1(Ω) bounded

If Ω⊂ R2 has a corner, then S − 1
2 I : M→M is not compact.

Corollary

Mikhlin’s Theorem is true for bounded C3 domains
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The Cosserat Spectrum according to Crouzeix: The space N

N = ∆H2
0 (Ω) = {p ∈ L2

◦(Ω) | p = ∆q for some q ∈ H2
0 (Ω)}

Let p ∈ N, p = ∆q, w = ∇q ∈ H1
0(Ω).

Then
∆w = ∆∇q = ∇∆q = ∇p =⇒ w = ∆−1

∇p

Hence divw = S p.
On the other hand, divw = div∇q = ∆q = p.
Together this gives S p = p, so p is an eigenfunction for σ = 1.

Note that M = N⊥ is the space

M =
{

p ∈ L2
◦(Ω) |

∫
Ω

p ∆q = 0∀q ∈ H2
0 (Ω)

}
=
{

p ∈ L2
◦(Ω) |∆p = 0

}
(harmonic Bergman space b2(Ω))
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Together this gives S p = p, so p is an eigenfunction for σ = 1.

Note that M = N⊥ is the space

M =
{

p ∈ L2
◦(Ω) |

∫
Ω

p ∆q = 0∀q ∈ H2
0 (Ω)

}
=
{

p ∈ L2
◦(Ω) |∆p = 0

}
(harmonic Bergman space b2(Ω))
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The Cosserat Spectrum according to Crouzeix: The space M

Here Ω⊂ R3, bounded, of class C3.
Let p ∈M. We can assume first that p ∈ H1(Ω) (density!).
Choose r ∈ C3(Ω) such that r = 0 and ∇r = n on ∂ Ω, for example signed
distance function of ∂ Ω. Define as usual w = ∆−1∇p.
Note that here w ∈ H2(Ω). Trick : Set

u = w ·∇r − 1
2

rp

⇒∆u = 2∇w : ∇∇r + w ·∇∆r − 1
2

∆r p

We also know u ∈ H1
0 (Ω).

It follows that u ∈ H2(Ω) and |u|2 ≤ C |∆u| ≤ C |p|.
Let now q = (S − 1

2 I)p = divw −p/2. ⇒ q ∈ H1(Ω).
In Ω, we have ∆q = ∆p−∆p/2 = 0
On ∂ Ω, we use r = 0 and w = 0 and find

n ·∇u = divw − p
2

= q

Hence |q|1 ≤ C ‖γq‖H1/2(∂ Ω) ≤ C |u|2 ≤ C |p| .
We have shown that for all p ∈M: |(S − 1

2 I)p|1 ≤ C |p| . Q.E.D.
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Crouzeix and Lichtenstein

Recall Lichtenstein’s idea:
∆p = 0 & w = ∆−1∇p =⇒ ∆(w − 1

2 xp) = 0.
Hence w − 1

2 xp = Hγ(w − 1
2 xp) =− 1

2 H(xγp),
H: harmonic extension and γ : boundary trace. Use p = Hγp.
=⇒ w = 1

2 (xHγp−Hxγp).

S p = divw =
d
2

p +
1
2

(x ·∇Hγp−∇ ·Hxγp) =
d
2

p +
1
2
L γp

L : Integral operator with Lichtenstein’s kernel L(x ,y)

L φ(x) =
∫

∂ Ω
(x−y) ·∇x ∂n(y)G(x ,y)φ(y)ds(y) (x ∈ Ω)

γS p =
d
2

γp +
1
2

γL γp =
d
2

γp +
1
2

((1−d)γp + Lγp)=
1
2

γp +
1
2

Lγp

L: Boundary integral operator with Lichtenstein’s kernel L(x ,y).

γ(S − 1
2 I)H = 1

2 L
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Crouzeix and Lichtenstein

γ(S − 1
2 I)H = 1

2 L

We have shown:

Theorem

The operator S − 1
2 I on the space of harmonic functions is equivalent to

the weakly singular boundary integral operator 1
2 L on the space of traces.

H : H−
1
2 (∂ Ω)→ b2(Ω) is an isomorphism with inverse γ .

b2(Ω)
S−1

2 I
−→ b2(Ω)

γ

yxH γ

yxH

H−
1
2 (∂ Ω)

1
2 L
−→ H−

1
2 (∂ Ω)
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Cosserat and LBB

A Simple Relation

σ(Ω) = β (Ω)2

Proof : Rayleigh quotient: σ(Ω) = minSp(S ) = min
p∈L2◦(Ω)

〈p,S p〉
|p|2

As we have seen, with w = w(p) = ∆−1∇p,
〈p,S p〉= 〈∇w ,∇w〉= 〈p,divw〉.

Hence
〈p,S p〉
|p|2

=

(
〈p,divw〉
|p| |w |1

)2

But for v ∈ H1
0(Ω) : 〈p,divv〉= 〈∇w ,∇v〉 ≤ |w |1|v |1 =

〈p,divw〉
|w |1

|v |1

=⇒ 〈p,divw〉
|p| |w |1

= sup
v∈H1

0(Ω)

〈p,divv〉
|p| |v |1

=⇒ σ(Ω) = β (Ω)2
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Cosserat and LBB: A Curious Observation

We have just seen that

β (Ω) = inf
p∈L2◦(Ω)

〈p,divw(p)〉
|p| |w(p)|1

where w(p) = ∆−1∇p.
On the other hand, we have seen earlier that also

β (Ω) = inf
p∈L2◦(Ω)

〈p,divv(p)〉
|p| |v(p)|1

where v(p) = Bp with a minimal-norm right inverse B of the div operator.
Such a right inverse can be obtained by observing that

div :
(

kerdiv
)⊥→ L2

◦(Ω)

is an isomorphism and taking for B its inverse.

For general p ∈ L2
◦(Ω),

〈p,divw(p)〉
|w(p)|1

6= 〈p,divv(p)〉
|v(p)|1
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Cosserat and LBB: A Curious Observation

For general p ∈ L2
◦(Ω),

〈p,divw(p)〉
|w(p)|1

6= 〈p,divv(p)〉
|v(p)|1

Question

For which p ∈ L2
◦(Ω) do these two quotients coincide?
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Cosserat and LBB: A Curious Observation

Answer

For p ∈ L2
◦(Ω) one has

〈p,divw(p)〉
|w(p)|1

=
〈p,divv(p)〉
|v(p)|1

if and only if p is a Cosserat eigenfunction.

Proof :
〈p,divw(p)〉
|w(p)|1

=
|w(p)|21
|w(p)|1

= |w(p)|1= 〈p,S p〉
1
2

With p = S q we have p = divw(q), hence w(q) = v(p), hence

|v(p)|1 = |w(q)|1 = 〈q,S q〉
1
2 = 〈p,S −1p〉

1
2

〈p,divv(p)〉
|v(p)|1

=
|p|2

|v(p)|1
=

|p|2

〈p,S −1p〉 1
2
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Cosserat and LBB: A Curious Observation

The question is therefore: When do we have

〈p,S p〉
1
2 =

|p|2

〈p,S −1p〉 1
2

⇐⇒

|p|2 = 〈p,S p〉
1
2 〈p,S −1p〉

1
2

Now with Cauchy-Schwarz:

‖p‖2 =
〈
S 1/2p,S −1/2p

〉
≤
〈
S 1/2p,S 1/2p

〉 1
2
〈
S −1/2p,S −1/2p

〉 1
2

= 〈p,S p〉
1
2 〈p,S −1p〉

1
2

Equality holds if and only if S 1/2p and S −1/2p are proportional:

S 1/2p = σS −1/2p ⇐⇒ S p = σp .
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The question is therefore: When do we have

〈p,S p〉
1
2 =

|p|2

〈p,S −1p〉 1
2

⇐⇒

|p|2 = 〈p,S p〉
1
2 〈p,S −1p〉

1
2

Now with Cauchy-Schwarz:

‖p‖2 =
〈
S 1/2p,S −1/2p

〉
≤
〈
S 1/2p,S 1/2p

〉 1
2
〈
S −1/2p,S −1/2p

〉 1
2

= 〈p,S p〉
1
2 〈p,S −1p〉

1
2

Equality holds if and only if S 1/2p and S −1/2p are proportional:
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4 Lichtenstein’s integral equation

5 Cosserat, LBB condition, Schur complement
Cosserat and Schur complement
The Cosserat Spectrum according to Crouzeix
Crouzeix and Lichtenstein
Cosserat and LBB

6 LBB, Korn and Friedrichs
LBB, Korn and Friedrichs in 2 dimensions
LBB and Friedrichs
LBB and Korn in general
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LBB, Korn and Friedrichs in 2 dimensions

Theorem (Friedrichs 1937, Horgan&Payne 1983)

Let Ω⊂ R2 be a bounded Lipschitz domain. Then
1 σ(Ω) > 0 (Cosserat)
2 β (Ω) > 0 (LBB)
3 K (Ω) < ∞ (Korn)
4 Γ(Ω) < ∞ (Friedrichs)

The following relations are true:

K (Ω)

2
=

1
σ(Ω)

=
1

β (Ω)2 = Γ(Ω) + 1

Remarks:
Friedrichs considers piecewise C1 domains with no outgoing cusps.
Horgan&Payne consider simply connected Lipschitz domains, but make
implicitly additional assumptions (∼ C2).

Conjecture: For any bounded domain Ω⊂ R2, 1–4 are equivalent.
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LBB =⇒ Friedrichs

Theorem [H&P...]

Let Ω⊂ R2 be a bounded domain satisfying β (Ω) > 0.
Then Γ(Ω) < ∞ and

Γ(Ω)≤ 1
β (Ω)2 −1 .

Proof: Let w = g + ih be a holomorphic function with g ∈ L2(Ω) and
h ∈ L2

◦(Ω). Then for any u ∈ H1
0(Ω) there holds∫

Ω
h(x) divu(x)dx =−〈∇h,u〉=−〈curlg,u〉=−

∫
Ω

g(x) ·curlu(x)dx

Since β (Ω) > 0, there exists u ∈ H1
0(Ω) such that

divu = h and |curlu|2 = |u|21−|divu|2 ≤ ( 1
β (Ω)2 −1) |h|2 .

Then |h|2 =
∫

Ω
h(x) divu(x)dx =−

∫
Ω

g(x) ·curlu(x)dx .

=⇒ |h|2 ≤
√

1
β (Ω)2 −1 |h| |g| =⇒ |h|2 ≤ ( 1

β (Ω)2 −1) |g|2.
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Friedrichs =⇒ Cosserat

Theorem [Co&Da 2012]

Let Ω⊂ R2 be a bounded domain satisfying Γ(Ω) < ∞.
Then σ(Ω) > 0 and

σ(Ω)≥ 1
Γ(Ω) + 1

.

Proof: Let p ∈ L2
◦(Ω) and u = ∆−1∇p. We have to show

|u|21
|p|2
≥ 1

Γ(Ω) + 1

or equivalently
|p|2 ≤ (Γ(Ω) + 1)|u|21.

The variational formulation for u is

∀v ∈ H1
0(Ω) : (u,v)1 = (p,divv) .

Define q = divu and g = curlu and observe successively:
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Friedrichs =⇒ Cosserat

(u,v)1 = (p,divv) and q = divu and g = curlu ⇒

(p,q) = |u|21 = ‖q‖2 +‖g‖2

∆q = div∆u = ∆p

∆g = curl∆u = 0

curlg−∇q =−∆u =−∇p

‖g‖2 = (p,q)−‖q‖2 = (q,p−q)

It follows that g ∈ L2
◦(Ω) and q−p ∈ L2

◦(Ω) are conjugate harmonic functions.
Friedrichs’ inequality gives

‖p−q‖2 ≤ Γ(Ω)‖g‖2.

‖g‖2 ≤ ‖q‖‖p−q‖ ≤ ‖q‖
√

Γ(Ω)‖g‖,
‖g‖2 ≤ Γ(Ω)‖q‖2 .

Finally

‖p‖2 = ‖p−q‖2−‖q‖2 + 2(p,q)

= ‖p−q‖2 +‖g‖2 +‖q‖2 +‖g‖2

≤ Γ(Ω)‖g‖2 + Γ(Ω)‖q‖2 +‖q‖2 +‖g‖2

=
(
Γ(Ω) + 1

)
|u|21 .
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Friedrichs⇐⇒ Cosserat

Corollary [Co&Da 2012]

For any bounded domain Ω in R2, the Cosserat constant is positive if and
only if the Friedrichs inequality holds, and

1
σ(Ω)

= Γ(Ω) + 1 .
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Proof of Korn’s second inequality

Recall :

eij (u) = 1
2 (∂iuj + ∂jui ), 1≤ i, j ≤ d ,

rij (u) = 1
2 (∂iuj −∂jui ), 1≤ i, j ≤ d ,

Definition

Let Ω be a domain in Rd . It is said to satisfy the second Korn inequality if
there exists a positive constant K such that for all u ∈ H1(Ω) satisfying the
condition ∫

Ω
rij (u)(x)dx = 0, 1≤ i, j ≤ d

there holds the estimate

‖∇u‖2
L2(Ω)

≤ K‖e(u)‖2
L2(Ω)

If such a K exists we denote by K (Ω) the smallest such K .
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Proof of Korn’s second inequality

Theorem

Let Ω⊂ Rd be such that β (Ω) > 0. Then K (Ω) < ∞ and

K (Ω)2 ≤ 1 +
2(d−1)

β (Ω)2 .

For the proof, one applies the equivalent definition of β (Ω)

∀p ∈ L2
0(Ω) : β |p| ≤ ‖∇p‖H−1(Ω)

to the functions rij ∈ L2
0(Ω).

Trick : ∂k rij = ∂iejk −∂jeik

⇒ |r(u)|2 ≤ ·· · ≤ 2(d−1)

β 2 |e(u)|2

|∇u|2 = |e(u)|2 + |r(u)|2 ≤
(
1 +

2(d−1)

β 2

)
|e(u)|2 .
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Part III

Various Kinds of Domains
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7 Domains with σ(Ω) > 0
Unions of domains
Bogovskiı̆’s integral operator

8 Non-Smooth Domains
Corners and Essential Spectrum
The Horgan–Payne Angle

9 Majorants
Small Cuts
Cusps
Thin Domains
Rectangles

10 John Domains
Definition
Pictures
A Theorem
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Unions of domains

Union with overlap

Let the domain Ω⊂ Rd satisfy Ω = Ω1∪Ω2 with σ(Ωj ) > 0 (j = 1,2).
Then σ(Ω) > 0.
Quantitative estimates by Dafermos (1968, for Korn), Galdi (1994).

Union without overlap

Let the domain Ω⊂ Rd satisfy Ω = Ω1∪Ω2, Ω1∩Ω2 = /0, with σ(Ωj ) > 0
(j = 1,2).
Then σ(Ω) > 0.
Quantitative estimates by Boland&Nicolaides (1983).
Caution : No estimate for σ(Ω) possible depending only on Ω1 and Ω2.

Examples in R2 :

Ω0 = (0,L)× (−`,`), Ω = Ω0∪B`(0,0)∪B`(L,0) =⇒ σ(Ω)≥ σ(Ω0)

89
Ωε = B1(0)\ (−1,1− ε)×{0} =⇒ σ(Ωε ) = O(ε

2)
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Starshaped domains

Theorem (Bogovskiı̆ 1979, Galdi 1994)

Let Ω⊂ Rn be starshaped with respect to a ball B. There exists a constant
γd only depending on the dimension d such that

σ(Ω)≥ γd

(
diam(B)

diam(Ω)

)2d+2

Corollary

Let Ω be a finite union of bounded starshaped domains.
Then σ(Ω) > 0.

This includes all bounded Lipschitz domains, possibly with cracks.

In dimension d = 2, we can prove

σ(Ω)≥ 1
4

(ρ

R

)2

Here ρ is the radius of B, and R is the radius of a ball concentric with B
that contains Ω.
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Bogovskiı̆’s integral operator

Let Ω⊂ Rd be starshaped with respect to a ball B and ω ∈ C∞
0 (B) be such

that
∫

ω = 1.

Define Tp(x) =
∫

Ω G(x ,y)p(y)dy with

G(x ,y) =
x−y
|x−y |d

∫
∞

|x−y |
ω

(
y + t

x−y
|x−y |

)
td−1 dt

Then T : L2
0(Ω)→ H1

0(Ω) is continuous and divTp = p (right inverse!).

Explanation :
The adjoint operator T′ is the regularized Poincaré path integral

T′u(x) =
∫

B
ω(a)

∫ x

a
u ·dsda =

∫
B

ω(a)(x−a) ·
∫ 1

0
u
(
a + t(x−a)

)
dt da

satisfying T′∇p(x) = p(x)−
∫

B p(a)ω(a)da (left inverse on L2(Ω)/R)

Lemma (Co&McIntosh 2010)

T and T′ are pseudodifferential operators on Rd of order −1.

∀s ∈ R: T : H̃s(Ω)→ H̃
s+1

(Ω) and T′ : Hs(Ω)→ Hs+1(Ω)
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Bogovskiı̆’s integral operator

Poincaré

Bogovskii

x
x

a

Saturday, 8 August, 2009

Support properties:

• For x ∈ Ω, T′u(x) depends only on u
∣∣
Ω

• If p = 0 on Rd \Ω, then Tp = 0 on Rd \Ω.
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Corners and Essential Spectrum (in R2)

Mellin transform technique (Kondrat’ev 1967) for the Lamé operator

Aσ =−σ∆ + ∇div

Singularities of the form rλ φ(θ).
Characteristic equation for a corner of opening ω :

(∗) (1−2σ)
sinλω

λ
=−+sinω.

Theorem

For σ ∈ [0,1]\{0, 1
2 ,1}, Aσ is Fredholm iff the equation (∗) has no solution

on the line Reλ = 0.

With z = λω , we rewrite (∗):

(1−2σ)
sinz

z
=−+

sinω

ω
.

Result :
(∗) has roots on the line Reλ = 0 iff |1−2σ |ω ≤ |sinω|
If |1−2σ |ω > |sinω|, there is a root λ ∈ (0,1)
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Essential spectrum: Corners

Theorem [Co & Dauge 2000]

Ω piecewise smooth with corners of opening ωj .

Spess(S ) =
⋃

corners j

[ 1
2 −

|sinωj |
2ωj

, 1
2 +

|sinωj |
2ωj

]
∪ {1}

0 0.5 1 1.5 2
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

!  en  " rd

#

Figure: Essential spectrum: σ vs. opening ω

Example : Rectangle:

Spess(S
∣∣∣
M

) = [ 1
2 −

1
π
, 1

2 + 1
π

]

= [0.181, 0.818]
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First eigenfunction for the rectangle

Rectangle: [0,1]× [0,0.1]
σapprox = 0.0081
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First eigenfunction for the rectangle

Rectangle: [0,1]× [0,0.2]
σapprox = 0.0314
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First eigenfunction for the rectangle

Rectangle: [0,1]× [0,0.3]
σapprox = 0.0665
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First eigenfunction for the rectangle

Rectangle: [0,1]× [0,0.4]
σapprox = 0.1084
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First eigenfunction for the rectangle

Rectangle: [0,1]× [0,0.5]
σapprox = 0.1505
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First eigenfunction for the rectangle

Rectangle: [0,1]× [0,0.6]
σapprox = 0.1844. (In the essential spectrum!).
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The Horgan–Payne Angle

Theorem (Horgan & Payne 1983)

Let Ω⊂ R2 be starshaped with respect to 0. For x ∈ ∂ Ω, let γ(x) ∈ [0, π

2 )

be the angle between x and the normal vector n(x): γ(x) = arccos x ·n(x)
|x | ,

and

γ = γ(Ω) = max
x∈∂ Ω

γ(x).

Then
σ(Ω)≥ 1−sinγ

2

Square : γ(Ω) = π

4 =⇒ σ(Ω)≥ 1
2 −

√
2

4 ≈ 0.1464
Regular Polygon : γ(Ω) = π

n =⇒ σ(Ω)≥ 1
2 −

sinπ

n

Rectangle (0,1)× (0,ε) : γ(Ω) = π

2 −arctanε ⇒ σ(Ω)≥ ε2

4 + O(ε4)

Compare with Ellipse x2 + y2

ε2 = 1 (Cosserats): σ(Ω) = ε2

1+ε2
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The Horgan–Payne Angle

TheoremConjecture (Horgan & Payne 1983)

Let Ω⊂ R2 be starshaped with respect to 0. For x ∈ ∂ Ω, let γ(x) ∈ [0, π

2 )

be the angle between x and the normal vector n(x): γ(x) = arccos x ·n(x)
|x | ,

and

γ = γ(Ω) = max
x∈∂ Ω

γ(x).

Then
σ(Ω)≥ 1−sinγ

2

Square : γ(Ω) = π

4 =⇒ σ(Ω)≥ 1
2 −

√
2

4 ≈ 0.1464
Regular Polygon : γ(Ω) = π

n =⇒ σ(Ω)≥ 1
2 −

sinπ

n

Rectangle (0,1)× (0,ε) : γ(Ω) = π

2 −arctanε ⇒ σ(Ω)≥ ε2

4 + O(ε4)

Compare with Ellipse x2 + y2

ε2 = 1 (Cosserats): σ(Ω) = ε2

1+ε2

Theorem [Co&Da 2012, Monique’s talk]

The Conjecture is proved for rectangles, triangles and regular polygons.
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The Horgan–Payne Angle
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Small Cuts

Theorem (Co 2011)

Let Ω⊂ R2 be decomposed as

Ω = Ω− ∪̇Γ ∪̇Ω+

where Γ is a straight segment of length L .
Then

σ(Ω)≤ 8
3

|Ω|
|Ω−| |Ω+|

L2

Example : Ωε = B1(0)\ (−1,1− ε)×{0} =⇒ σ(Ωε )≤ 32
3 ε2

Idea of proof:
Estimate

∫
Ω q divv for a piecewise constant function q.

One has to estimate the integral of n ·v on the cut by the H1 norm of v .
Explicit L1 trace lemma in H1

0 :

‖u‖2
L1([0,L])

≤ 8L2

3
‖∇u‖2

L2(R2
+)

∀ u ∈ C∞
0 (R2)
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Cusps

Corollary (Friedrichs 1937)

Let Ω⊂ R2 have an outward cusp. Then σ(Ω) = 0.

Ω

Figure: A domain with an external cusp
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Thin Domains according to Chizhonkov&Olshanskii (2000)

Thin Rectangles

Let Ω = (0,1)× (0,ε), 0 < ε ≤ 1. Then

ε2

60
≤ σ(Ω)≤ π2ε2

12

Thin Rings

Let Ω = {x ∈ R2 | 1 < |x |< 1 + ε). Then with s = 1 + ε

σ(Ω) =
1
2

(
1−

√
s2−1
s2 + 1

1
logs

)
∼ ε2

12
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Let Ω = (0,π)× (−ρ,ρ). Aspect ratio ε = 2ρ

π
.

An explicit upper bound (Co&Dauge)

σ(Ω)≤ 1− sinhρ

ρ coshρ
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Computed lowest eigenvalues for rectangles

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4
kmax = 100     mmax = 1000

Figure: 8 lowest eigenvalues σ` of rectangle vs. aspect ratio ε
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Comparison with upper and lower bounds

0 0.2 0.4 0.6 0.8 1
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

vp1 calculée     
spectre essentiel
minorant HP      
majorant CD      

Figure: First eigenvalue σ1 of rectangle vs. aspect ratio ε
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Comparison with upper and lower bounds

0 0.1 0.2 0.3 0.4 0.5
0
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Figure: First eigenvalue σ1 of rectangle vs. aspect ratio ε (zoom)
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Comparison with upper and lower bounds
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spectre essentiel
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Figure: First eigenvalue σ1 of rectangle vs. aspect ratio ε (log scale)
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Definition of John Domain

Definition

A domain Ω⊂ Rd with a distinguished point x0 is called a John domain if it
satisfies the following “twisted cone” condition:
There exists a constant δ > 0 such that, for any y in Ω, there is a rectifiable
curve γ : [0, `]→ Ω parametrized by arclength such that

γ(0) = y , γ(`) = x0, and ∀t ∈ [0, `] : dist(γ(t),∂ Ω)≥ δ t .

Here dist(γ(t),∂ Ω) denotes the distance of γ(t) to the boundary ∂ Ω.

Example : Every weakly Lipschitz domain is a John domain.

Martin Costabel (Rennes) Cosserat eigenvalue problem JacaIIISC, 19–21/09/2012 81 / 110



Definition of John Domain

Definition

A domain Ω⊂ Rd with a distinguished point x0 is called a John domain if it
satisfies the following “twisted cone” condition:
There exists a constant δ > 0 such that, for any y in Ω, there is a rectifiable
curve γ : [0, `]→ Ω parametrized by arclength such that

γ(0) = y , γ(`) = x0, and ∀t ∈ [0, `] : dist(γ(t),∂ Ω)≥ δ t .

Here dist(γ(t),∂ Ω) denotes the distance of γ(t) to the boundary ∂ Ω.

Example : Every weakly Lipschitz domain is a John domain.

Martin Costabel (Rennes) Cosserat eigenvalue problem JacaIIISC, 19–21/09/2012 81 / 110



Zigzag

Figure: A weakly Lipschitz domain: the self-similar zigzag
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Spirals

Figure: Weakly Lipschitz (left), John domain (right)
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Tree or Lung

Figure: A John domain: the infinite tree
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A Recent Result

Theorem (Acosta – Durán – Muschietti 2006)

Let Ω be a John domain. Then σ(Ω) > 0.
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Thank you for your attention!
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F. Hecht: Calculs poumon – Eigenvalue 1

IsoValue
-3.26489
-2.96013
-2.75696
-2.55379
-2.35062
-2.14745
-1.94428
-1.74112
-1.53795
-1.33478
-1.13161
-0.928437
-0.725268
-0.522098
-0.318928
-0.115759
0.0874106
0.29058
0.49375
1.00167

Eigen  Vector 1 valeur =0.236161
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F. Hecht: Calculs poumon – Eigenvalue 1

IsoValue
-0.848189
-0.727123
-0.646412
-0.565701
-0.484991
-0.40428
-0.323569
-0.242858
-0.162147
-0.0814367
-0.000725881
0.0799849
0.160696
0.241406
0.322117
0.402828
0.483539
0.56425
0.64496
0.846737

Eigen  Vector 1 valeur =0.0715644

Martin Costabel (Rennes) Cosserat eigenvalue problem JacaIIISC, 19–21/09/2012 88 / 110



F. Hecht: Calculs poumon – Eigenvalue 1

IsoValue
-0.671886
-0.575876
-0.511869
-0.447862
-0.383855
-0.319848
-0.255841
-0.191834
-0.127828
-0.0638206
0.000186294
0.0641932
0.1282
0.192207
0.256214
0.320221
0.384228
0.448235
0.512242
0.672259

Eigen  Vector 1 valeur =0.0284222
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F. Hecht: Calculs poumon – Eigenvalue 1

IsoValue
-0.626491
-0.536979
-0.477304
-0.417629
-0.357954
-0.298279
-0.238605
-0.17893
-0.119255
-0.0595799
9.49915e-05
0.0597699
0.119445
0.17912
0.238795
0.298469
0.358144
0.417819
0.477494
0.626681

Eigen  Vector 1 valeur =0.0159942
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F. Hecht: Calculs poumon – Eigenvalue 1

IsoValue
-0.620581
-0.531935
-0.472839
-0.413742
-0.354645
-0.295548
-0.236451
-0.177354
-0.118257
-0.0591602
-6.32595e-05
0.0590337
0.118131
0.177227
0.236324
0.295421
0.354518
0.413615
0.472712
0.620454

Eigen  Vector 1 valeur =0.0107045
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F. Hecht: Calculs poumon – Eigenvalue 1

IsoValue
-0.634518
-0.543866
-0.483431
-0.422996
-0.362561
-0.302126
-0.241691
-0.181256
-0.120821
-0.0603863
4.86769e-05
0.0604836
0.120919
0.181354
0.241789
0.302223
0.362658
0.423093
0.483528
0.634616

Eigen  Vector 1 valeur =0.00793114
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F. Hecht: Calculs poumon – Eigenvalue 2

IsoValue
-2.71862
-2.26222
-1.95794
-1.65367
-1.3494
-1.04513
-0.740857
-0.436584
-0.132312
0.17196
0.476232
0.780504
1.08478
1.38905
1.69332
1.99759
2.30186
2.60614
2.91041
3.67109

Eigen  Vector 2 valeur =0.237397
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F. Hecht: Calculs poumon – Eigenvalue 2

IsoValue
-0.764489
-0.659742
-0.589911
-0.52008
-0.450248
-0.380417
-0.310585
-0.240754
-0.170923
-0.101091
-0.03126
0.0385714
0.108403
0.178234
0.248066
0.317897
0.387728
0.45756
0.527391
0.701969

Eigen  Vector 2 valeur =0.102358
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F. Hecht: Calculs poumon – Eigenvalue 2

IsoValue
-0.45705
-0.377956
-0.325226
-0.272497
-0.219767
-0.167037
-0.114308
-0.0615783
-0.0088487
0.0438809
0.0966105
0.14934
0.20207
0.254799
0.307529
0.360258
0.412988
0.465717
0.518447
0.650271

Eigen  Vector 2 valeur =0.0506881
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F. Hecht: Calculs poumon – Eigenvalue 2

IsoValue
-0.894055
-0.766739
-0.681862
-0.596985
-0.512108
-0.427231
-0.342354
-0.257477
-0.1726
-0.087723
-0.00284593
0.0820311
0.166908
0.251785
0.336662
0.421539
0.506416
0.591293
0.67617
0.888363

Eigen  Vector 2 valeur =0.0284234
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F. Hecht: Calculs poumon – Eigenvalue 2

IsoValue
-1.00959
-0.865366
-0.769218
-0.67307
-0.576922
-0.480773
-0.384625
-0.288477
-0.192328
-0.09618
-3.16948e-05
0.0961166
0.192265
0.288413
0.384562
0.48071
0.576858
0.673006
0.769155
1.00953

Eigen  Vector 2 valeur =0.0159946
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F. Hecht: Calculs poumon – Eigenvalue 2

IsoValue
-0.979547
-0.839594
-0.746293
-0.652991
-0.55969
-0.466388
-0.373086
-0.279785
-0.186483
-0.0931813
0.000120382
0.093422
0.186724
0.280025
0.373327
0.466629
0.55993
0.653232
0.746534
0.979788

Eigen  Vector 2 valeur =0.0107047

Martin Costabel (Rennes) Cosserat eigenvalue problem JacaIIISC, 19–21/09/2012 98 / 110



F. Hecht: Calculs poumon – Eigenvalue 3

IsoValue
-1.03781
-0.753504
-0.563963
-0.374423
-0.184882
0.00465842
0.194199
0.383739
0.57328
0.762821
0.952361
1.1419
1.33144
1.52098
1.71052
1.90006
2.0896
2.27914
2.46869
2.94254

Eigen  Vector 3 valeur =0.312796
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F. Hecht: Calculs poumon – Eigenvalue 3

IsoValue
-3.2666
-2.80418
-2.4959
-2.18761
-1.87933
-1.57105
-1.26277
-0.954486
-0.646204
-0.337922
-0.0296395
0.278643
0.586925
0.895207
1.20349
1.51177
1.82005
2.12833
2.43662
3.20732

Eigen  Vector 3 valeur =0.237392
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F. Hecht: Calculs poumon – Eigenvalue 3

IsoValue
-1.07542
-0.921783
-0.819359
-0.716934
-0.61451
-0.512086
-0.409662
-0.307238
-0.204813
-0.102389
3.49608e-05
0.102459
0.204883
0.307308
0.409732
0.512156
0.61458
0.717004
0.819428
1.07549

Eigen  Vector 3 valeur =0.0715714
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F. Hecht: Calculs poumon – Eigenvalue 3

IsoValue
-0.891409
-0.764092
-0.679214
-0.594336
-0.509458
-0.42458
-0.339702
-0.254824
-0.169946
-0.0850681
-0.000190151
0.0846878
0.169566
0.254444
0.339322
0.4242
0.509077
0.593955
0.678833
0.891028

Eigen  Vector 3 valeur =0.0284235
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F. Hecht: Calculs poumon – Eigenvalue 3

IsoValue
-1.00983
-0.865606
-0.769457
-0.673309
-0.577161
-0.481012
-0.384864
-0.288716
-0.192567
-0.096419
-0.000270683
0.0958776
0.192026
0.288174
0.384323
0.480471
0.576619
0.672768
0.768916
1.00929

Eigen  Vector 3 valeur =0.0159946
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F. Hecht: Calculs poumon – Eigenvalue 3

IsoValue
-0.979566
-0.839614
-0.746312
-0.653011
-0.559709
-0.466407
-0.373106
-0.279804
-0.186502
-0.0932007
0.000100992
0.0934027
0.186704
0.280006
0.373308
0.466609
0.559911
0.653213
0.746514
0.979768

Eigen  Vector 3 valeur =0.0107047
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F. Hecht: Calculs poumon – Eigenvalue 4

IsoValue
-5.89304
-5.04862
-4.48567
-3.92272
-3.35978
-2.79683
-2.23388
-1.67093
-1.10798
-0.545035
0.0179131
0.580861
1.14381
1.70676
2.26971
2.83265
3.3956
3.95855
4.5215
5.92887

Eigen  Vector 4 valeur =0.324628
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F. Hecht: Calculs poumon – Eigenvalue 4

IsoValue
-2.91775
-2.67261
-2.50918
-2.34575
-2.18232
-2.01889
-1.85546
-1.69203
-1.5286
-1.36517
-1.20174
-1.03831
-0.87488
-0.71145
-0.548021
-0.384591
-0.221162
-0.0577322
0.105697
0.514271

Eigen  Vector 4 valeur =0.246779
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F. Hecht: Calculs poumon – Eigenvalue 4

IsoValue
-1.07469
-0.921052
-0.818628
-0.716203
-0.613779
-0.511355
-0.408931
-0.306506
-0.204082
-0.101658
0.000766696
0.103191
0.205615
0.30804
0.410464
0.512888
0.615313
0.717737
0.820161
1.07622

Eigen  Vector 4 valeur =0.0715716
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F. Hecht: Calculs poumon – Eigenvalue 4

IsoValue
-0.367256
-0.295958
-0.248426
-0.200894
-0.153362
-0.10583
-0.0582979
-0.0107659
0.0367661
0.0842981
0.13183
0.179362
0.226894
0.274426
0.321958
0.36949
0.417022
0.464554
0.512086
0.630916

Eigen  Vector 4 valeur =0.0300103
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F. Hecht: Calculs poumon – Eigenvalue 4

IsoValue
-0.638705
-0.570381
-0.524832
-0.479282
-0.433733
-0.388184
-0.342635
-0.297085
-0.251536
-0.205987
-0.160437
-0.114888
-0.0693386
-0.0237893
0.02176
0.0673093
0.112859
0.158408
0.203957
0.317831

Eigen  Vector 4 valeur =0.0199521

Martin Costabel (Rennes) Cosserat eigenvalue problem JacaIIISC, 19–21/09/2012 109 / 110



F. Hecht: Calculs poumon – Eigenvalue 4

IsoValue
-0.28567
-0.217536
-0.172114
-0.126692
-0.0812697
-0.0358475
0.00957464
0.0549968
0.100419
0.145841
0.191263
0.236686
0.282108
0.32753
0.372952
0.418374
0.463796
0.509219
0.554641
0.668196

Eigen  Vector 4 valeur =0.0143559
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